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1 Abstract

Phase transitions in complex systems often arise from the interplay of multiple in-
teractions between elements. Interdependent network theory predicts that when
two types of interactions, connectivity and dependency, coexist, systems can display
mixed-order transitions, characterized by both abrupt discontinuities and critical
scaling. While this phenomenon has been experimentally demonstrated in interde-
pendent superconducting networks (ISN), its emergence in single network systems

has remained unexplored.

In this work, we investigate single network systems, which consist of a single disor-
dered indium-oxide network where electric current provides connectivity and Joule
heating generates effective dependency among segments. Using transport and dy-
namic resistance measurements, we show that these Two-Interaction Superconduct-
ing Systems (TISS) reproduce the key features of ISN: abrupt and hysteretic tran-
sitions, long-lived plateaus in the dynamics near criticality, and universal critical
exponents (5 =1/2, ( =1/2, ¢ = 1/3). Comparison of ISN and TISS demonstrates
that the existence of dual interactions alone in a system is sufficient to induce mixed-

order transitions, even without structurally distinct networks.

We further demonstrate that the substrate thermal conductivity provides a pow-
erful control parameter for tuning dependency interactions. Glass substrates, with
low thermal conductivity, enhance heat retention and induce abrupt transitions at
relatively low driving currents, while silicon substrates, with higher thermal con-
ductivity, require higher currents to exhibit similar behavior. These observations
confirm the thermal origin of dependency interactions in these superconducting sys-
tems and establish substrate engineering as a means of controlling its robustness

near criticality.

Altogether, this work positions TISS as a controllable platform for studying in-
terdependency, highlights the universality of mixed-order transitions, and suggests
broader applications in systems where dual interactions naturally emerge, from neu-

ral and traffic networks to device-oriented phase-switching technologies.



2 Introduction

2.1 Phase Transitions

Phase transitions (PTs) are among the most captivating and fundamental phenom-
ena in statistical physics, manifesting across a wide range of physical systems and
natural processes. Traditionally, classical PTs are thermally driven, with tempera-
ture acting as the key tuning parameter. For instance, below a critical temperature
T,, liquid water may crystallize into ice, a non-magnetic material can spontaneously
develop magnetic order and become a ferromagnet, a normal metal can become su-

perconducting, etc.

PTs are typically classified into two primary categories based on their thermody-
namic and macroscopic behavior near the critical point [1, 2]. In a first-order PT,
such as the melting of a solid or the boiling of a liquid, the transition is discontin-
uous, as the order parameter changes abruptly, and the system either absorbs or
releases latent heat. These transitions are often accompanied by hysteresis, as the

system is heating or cooling (see Fig. 2.1a).

In contrast, second-order (or continuous) PTs, such as the normal-superconductor
transition or the paramagnetic-ferromagnetic transition, are characterized by a smooth
and continuous change of the order parameter at the critical point (see Fig. 2.1b).
As the system approaches criticality from either side (i.e, cooling or heating), it
exhibits critical behavior accompanied by set of universal features such as scaling

laws and critical exponents [3, 4].

In addition, less common transitions, known as mixed-order, also exist. transitions.
These transitions combine features of both first, and second order PTs. They exhibit
a discontinuous jump in the order parameter and hysteresis, characteristic of first-
order transitions, but also display critical behavior, such as scaling laws, on approach

to the transition point, akin to second-order transitions (see Fig. 2.1c).
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Figure 2.1: Different orders of phase transitions

2.2 Interdependent Networks

Understanding networks is important in our modern age. Networks are embedded
in our civilization and appear everywhere in our lives. From power grids, communi-
cation, the Internet, and train rails to neuroscience, AI modules, stock markets, and
more. Although these networks may seem isolated, in many cases they are connected
to each other and can depend on one another (i.e., they are coupled). For example,
a power station relies on the internet so it could communicate with other stations,
while the internet itself relies on electricity. This coupling reduces the robustness of

cach network by making it more vulnerable to local failures [5].

This understanding was absent in conventional network research until 2010, when
Havlin published his seminal article [6], which paved the way to the new field of
networks of networks [7-9]. The main innovation introduced by Havlin was the
concept of dependency, emerging from interactions between networks. His theory

hinges on two types of interactions in a system of networks (see Fig. 2.2).

1. Connectivity — Interaction between nodes within the same network, enabling
information to propagate throughout the network (e.g., electric current in a

conductive lattice).

2. Dependency — Interaction between nodes in different networks (e.g., heat
dissipation between conducting films). If a node in one network fails, the node

depending on it in the other network also fails.

The model system for this theory is percolating networks. Here, the relevant order
parameter is the giant component P.,, which represents the largest cluster of con-
nected and functioning nodes. For a single-network system, characterized by one

interaction (i.e., connectivity), the giant component follows:
Py = p[l — exp(—kPy)] (1)
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Figure 2.2: Two-interaction system — Blue lines represent connectivity interactions, while
red lines represent dependency interactions.

where p is the fraction of functioning nodes, and k is the average degree of the
network, indicating the average number of connections each node has [8]. The
solutions of Eq. 1 are shown in Fig. 2.3 (black curve), for & = 5. This result yields

a continuous second-order PT with
pe=1/k (2)

where p,. is the critical value of p, below which the network gets fragmented and

collapses.

For a multi-network system, characterized by two interactions (i.e., connectivity and

dependency), Eq. 1 is replaced by
Py = p[1 — exp(—kPs)]" (3)

where n is the number of interdependent networks comprising the system [8]. The
solutions of Eq. 3 are shown in Fig. 2.3 (red curves). For any n > 1, the order
parameter P, becomes discontinuous, corresponding to a first-order PT, while crit-
ical behavior is exhibited as the system approaches criticality, corresponding to a

second-order PT. Hence, this unique PT is of mixed-order.

1

0.8

Figure 2.3: Network functionality — The giant component P, as a function of the fraction of
functioning nodes p, for different numbers of interdependent networks n [5].



2.3 Interdependent Superconducting Networks

Since 2010, Havlin and others have continued to develop interdependent network
theory and applied it to a variety of interdependent systems [10-21]. However, none

of these were able to test the theory on a controllable, real physical system.

Our group developed the first real solid-state physical system of interdependent
networks, in the form of two disordered superconducting networks, separated by
an electrical insulator that is a good heat conductor, as seen in Fig. 2.4 [22]. The
disorder in the superconducting networks causes a spread of critical temperatures T,
and critical currents /.. In this system, electric current driven through each network
creates connectivity within the networks, while Joule heating of segments between

the networks creates dependency.

Figure 2.4: Interdependent superconducting networks system — Two networks (in green),
separated by a thermally conducting insulating medium (in blue). Edges of each network are
connected to gold contacts to enable transport measurements [22].

2.3.1 The effect of dependency

Experimental results [22] for resistance versus temperature measurements of inter-
dependent superconducting networks (ISN) are presented in Fig. 2.5. When the
two networks are measured separately (see Fig. 2.5a), a continuous second-order
PT is observed, from the normal phase (N) to the superconducting phase (S) and
back, for both low (I, < 10 pA) and high (f, > 10 uA) bias currents. This behavior
changes when the networks are measured simultaneously (see Fig. 2.5b). In this
case, for low currents, the behavior is similar to the separate case, but for higher
currents, generating sufficient heat, a mutual, abrupt, discontinuous, and hysteretic
PT is observed. This transition is accompanied by critical behavior as the system

approaches the critical point.
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Figure 2.5: Experimental R(T) measurements for different bias currents — Top network
in red, bottom network in blue. Arrows indicate heating or cooling cycles. (a) Measurements
performed on each network separately. No dependency is exhibited, and a continuous, second-
order PT is observed. (b) Measurements performed on both networks simultaneously. For low
currents, not enough heat is generated to induce dependency, and the behavior is similar to that of
two single networks. For currents above 15 pA, sufficient heat is produced to couple the networks,
resulting in an abrupt, discontinuous, and hysteretic PT [22].

Near the N to S transition, the R(T") curve was found to follow:
R(T) - R(T.) < |T = T.|° (4)

with § = 1/2 [23]. Additional study [23] was performed on these systems by mea-
suring resistance versus current, as shown in Fig. 2.6. Here, the temperature is kept
constant at 7' < T, while the bias current is swept through I.. Similarly to the R(T)
curves, an abrupt, hysteretic PT is observed, accompanied with the same critical
behavior and scaling laws. Near the N to S transition, the R([},) curve was found to

follow:
R(I,) — R(L.) o |I, — L.|” (5)

with both experimental measurements (Fig. 2.6a) and numerical calculations (Fig. 2.6b)
yielding f = 1/2 [23], as shown in the insets of Fig. 2.6.

This result aligns precisely with theoretical predictions and numerical simulations
of percolation on abstract interdependent networks [24] and simulations of inter-
dependent ferromagnetic networks [25]. The consistent appearance of this critical
exponent in various systems may indicate a universal mechanism associated with

the presence of two interactions in a system.
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Figure 2.6: System approaching criticality — Experimental measurements (a) and numerical
simulations (b) of R(I) curves approaching the critical point. Blue and red lines represent in-
creasing and decreasing currents, respectively. Insets show the extraction of the critical exponent
B =1/2 from the N to S PT (red curves) [23].

2.3.2 Dynamics

Identifying the underlying physical mechanisms of a PT is essential to understand
its nature. A recent research [23] unravels the microscopic origin of this abrupt
transition. The dynamics of the system (i.e. resistance versus time) was measured
at criticality, during the N to S PT. The results shown in Fig. 2.7 are based on
the following protocol: (i) The system is controlled and fixed at a temperature
T < T, and the bias current is set at I, > I. so the system is tuned to be in the
N-state. (ii) At time t = 0 the current is abruptly switched to a value I, < I. and
R(t) is measured. Remarkably, when the bias current is switched very close to the
critical current I, — I., the resistance curves display a semi-saturated resistance for
a long time (long-term plateau) before it drops abruptly to zero resistance as the
system transits to the S-state (Fig. 2.7a,c show experimental and numerical results
respectively). The time, 7, of this plateau can last for thousands of seconds, many
orders of magnitudes longer than the timescales of electronic interactions (7, ~
1072 — 101%) within each network or phonon between them (7, ~ 107% — 107%s),
indicating that the interplay between the layers plays a significant role in the process.
The inset of Fig. 2.7a is a zoom in on the plateau regime, showing that the resistance
does not monotonically decrease with time but fluctuates. The process above is
repeated by deep quenching to slightly lower values of I,. It is found that, as I,
decreases, T decreases as well (Fig. 2.7a). The measured plateau duration time 7
is found to follow a scaling behavior with the distance of the bias current from the

critical current as

7o |l — I|™° (6)



with an exponent of ( = 1/2 as seen in Fig. 2.7b,e for experimental and numerical
results respectively. This value is consistent with the theoretical prediction for

percolation on abstract interdependent networks [26].
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Figure 2.7: Plateau dynamics — Experimental measurements (a) and numerical simulations
(b) of resistance versus time for different currents during the collapse from N to S. As the currents
approach the critical value, the duration of the plateau 7 increases. The inset of (a) zooms in
on the plateau regime, showing that the resistance slightly decreases with time. (c) Experimental
measurements for various system sizes N = L x L exhibit exponents ¢ = 1/2 and ¢ = 1/3, in
excellent agreement with numerical simulations (d—e) [23].

The extremely long plateau indicates a mechanism of spontaneous long-term micro-
scopic changes. It suggests that due to the long-range dependency (heat) in such
ISNs, each segment in one network may influence every segment in the second net-
work. Thus, the interactions become nearly spatially random where, near criticality,
phase changes (N-S) of elements are generated anywhere in the system depending
on T, and I. of the individual segments. In this near criticality regime, the PT
is governed by a spontaneous microscopic random-cascading, i.e. a chain of events
where one element, that has changed its phase, influences on average one element
at a different location with closest T, and I. in the other network due to thermal
dissipation. This process continues until enough elements undergo a phase-change
thus causing a macroscopic PT. While the results focuses on the transition from N
to S, an analogous process is expected to occur for a transition from S to N, as il-
lustrated in Fig. 2.8. Since the changes during the plateau are microscopic, in order

to influence the whole system, it is reasonable to expect 7 to depend on the system



size (i.e. the number of segments). For this, the time duration of the plateau, 7, for
different system sizes is measured. Fig. 2.7b,d shows experimental measurements

and numerical simulations of the dependence of 7 on the system size which follows
T oc N¥ (7)

where N is the number of segments in a system and ¢ = 1/3. This scaling law and
exponent were also observed in percolation on abstract interdependent networks
[26]. This result supports the paradigm that the plateau, during the abrupt transi-
tion, represents a microscopic process that occurs spontaneously for a macroscopic
time. The collapse of all experimental curves in the plot of Fig. 2.7b supports the

interpretation of the slowing down resulting from critical branching.

Figure 2.8: System collapse - At ¢ = t; all segments are at the S-state (a). When ¢ = ¢, where
t1 > to, the weakest segment (with the lowest I, and 7T.) becomes normal (b) and start emitting
heat throughout the system. At ¢ = t5, where t5 > t;, the next weakest segment in the other
network becomes normal (c¢). This process creates an avalanche of segments becoming normal one
by one (d-e) until a critical amount is reached and both networks collapse (f) into the N-state
abruptly.



3 Motivation and Objectives

Until now, research on ISN has focused on systems consisting of two networks stacked
one on top of the other. In these systems, connectivity interactions are generated
by the electric current driven through each network, and dependency interactions
are generated by Joule heating of segments between the networks. In general, there
is no reason to assume that heat is restricted to propagate solely between the two
networks and cannot also affect each individual network. This led us to propose
that the same concepts of ISN could be relevant for single-layer superconducting
network systems that are characterized by two types of interactions. We dub these

systems Two-Interaction Superconducting System (TISS).

Our first objective was to compare the behaviors of ISN and TISS, both quali-
tatively and quantitatively. Unlike interdependent networks, the manifestation of
two interactions in single systems is much simpler and broader. Such systems are
more abundant in nature, and their applications can be more widely implemented.
For example, they may be relevant to information overload, where connectivity is
achieved by information flow and dependencies arise from the overload of certain
hubs due to limited tolerance; traffic networks, where connectivity is created by
roads and dependency by traffic jams; neural networks, where connectivity involves
electric signals in the brain and dependency involves excitation caused by distant
neurons; and even regular solids, where connectivity is via interatomic interactions
and dependency arises from long-range phonons. Thus, introducing and controlling

a second type of interaction within the same system has profound implications.

This leads to our second objective, which was to control the dependency interaction
in our TISS. Unlike ISN systems, where dependency arises between separate net-
works, in TISSs the dependency interaction is generated by segments in one network
heating segments in the same network. Hence, the substrate directly influences the
strength and range of the dependency interaction. Achieving such control and show-
ing how it hinges on the substrate is significance. First, it reinforce the assumption
regarding the thermal origin of the dependency in our systems. In addition, it en-
able for further research that focuses on the range of the dependency, which theory
predicts has a great effect on the nature of the PT. Lastly, it paves the way for
harnessing these systems for practical usage, such as developing sensitive sensors

that relies on the abrupt transition and thus the strength of the dependency.
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4 Experimental Methods

4.1 Fabrication
4.1.1 The basic superconducting network

Our network is shaped as a two-dimensional square lattice, as seen in Fig. 4.1b.
The size of the lattice (i.e., the number of segments) is N = L x L, where L is the
number of horizontal or vertical stripes, each one having dimensions of 2 ym wide,
10 pm long (see Fig. 4.1¢) and 50 nm thick.
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Figure 4.1: Superconducting network - (a) Sample attached to the holder and ready for
measurement. (b—c) SEM images of the network taken at different magnifications.

The fabrication process begins with designing the desired network using a CAD
program. We then use photolithography methods to create a mask in the shape of
our design on a substrate. Following this, we e-beam evaporate, under a residual O,
pressure of 6-8 pTorr, a 50 nm-thick film of amorphous indium oxide (InO) onto the
substrate. Under these conditions, the InO forms as a disordered superconductor,
with a wide distribution of local T,.s and I.s, and a bulk critical temperature of
T. ~ 3 K.

4.1.2 Swubstrate

We used two types of substrates: undoped silicon and borosilicate glass. While
both are excellent electrical insulators at cryogenic temperatures, they differ signifi-
cantly in thermal conductivity. Silicon has a thermal conductivity of approximately
kA~ 500 = at T = 2 K [27], whereas glass has x ~ 0.01 -~ at the same temper-
ature [28]. This means that although silicon allows heat to spread more efficiently
across the sample than glass, it also permits heat to escape to the heat bath (i.e.,

the cryostat) much more readily than the glass substrate.
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4.1.3 Samples

As part of this research, we fabricated two types of systems. The first is a TISS (see
Fig. 4.2a), comprising a single network of size N = L x L, fabricated on one of the
two substrates (i.e., silicon or glass). Au contacts made of 4 nm Cr and 40 nm Au
were fabricated, using lithography, at the edges of the network to enable electrical

transport measurements.

The second type is an ISN system. The fabrication process starts with a TISS
sample. We then cover it with a 100 nm-thick film of aluminum oxide (AlO), which
is thermally conductive and electrically insulating. Following this, we fabricate
an identical network on top of the AlO. This configuration yields two electrically
isolated networks that can exchange heat. Lastly we add Au contacts in the same

way as for the bottom network (see Fig. 4.2¢).

(@) (b)

Figure 4.2: TISS and ISN - (a) TISS: A single InO network is fabricated on a thermally
conducting and electrically insulating substrate. Au pads are placed on the sides of the network.
(b) ISN: A layer of AlO, which is thermally conducting and electrically insulating, is deposited
on top of a TISS sample. Then, an identical InO network is fabricated on top of the Al0. Au pads
are placed on the sides of the top network.

Throughout this work, we fabricated three configuration of samples, as listed below.

e S1 - TISS and ISN at size N = 400 x 400 on two separate silicon substrates,

as seen in Fig. 4.3a.

e S2 - TISSs at sizes N = 200 x 200, N = 100 x 100, N = 25 x 25 on the same

silicon substrate, as seen in Fig. 4.3b.

12



e S3 - Two separate samples of TISSs at sizes N = 200 x 200 and N = 25 x 25

on a silicon substrate, and a glass substrate, as seen in Fig. 4.3c.

(a) (b) ©

Figure 4.3: Illustration of sample configurations. (a) TISS and ISN system fabricated on
two silicon substrates. (b) Three separate TISSs samples at different sizes patterned on a single
silicon substrate. (c) Two TISSs at different sizes fabricated side-by-side on a shared substrate.
Silicone is on the left, and glass is on the right.

4.2 Measurements

Since the bulk critical temperature of the sample is T, ~ 3 K, we needed to achieve
low temperatures. We used a RC102 cryostat that operates with a continuous flow
of liquid helium. Helium liquefies at 4.2 K, so just submerging the sample inside a
bath of it was not enough. By lowering the pressure inside the 1 K pot and having
a continuous flow of liquid helium inside, a base temperature of Tj,. < 1.8 K was

achieved. For good thermal insulation, the IVC was kept under high vacuum.

In all experiments, electric current was applied to each network using a Keithley
2410 sourcemeter, while voltage was measured using a Keithley 2000 multimeter.
Sample temperature was controlled and measured using a LakeShore 330 controller,
with a 25 €2 heater and a DT-670 thermometer placed inside the cryostat, next to

the sample.

4.2.1 Transport Measurements

Resistance as a function of temperature (R(T")) curves were obtained by driving
a constant current through a network and measuring the voltage across it as the
temperature varies within the range of 1.8 K <» 6 K. This process is repeated for
increasing values of current until an abrupt, hysteretic transition is observed. To
extract the critical exponent 3, we use a cooling R(T') curve that exhibited such
a transition. We subtract R. and 7, from the resistance and temperature values,

respectively. The values of R, and T, are selected to achieve the best linear behavior

13



on a log-log plot of R — R, as a function of T'—T,. The slope of this plot corresponds

to the desired critical exponent [.

1-V characteristics were obtained by setting a network temperature to a fixed value
below the critical temperature and measuring the voltage across it while sweeping
the driven current through /.. The extraction of the critical exponent 3 follows the

same method as for the R(T') curves, replacing the temperature with current.

4.2.2 Dynamic Measurement

For studying the dynamics of the N to S transition, we performed time-dependent
resistance measurements. The measurement begins as we identify the critical current
I. of an N to S transition, from an R(I) curve, as seen in Fig. 4.4a. We then measured
the resistance as a function of time during the procedure shown in Fig. 4.4b: At
t =ty we set the current of the system to a value deep inside the N-state. Then,
at t = ty, after the system stabilizes, we abruptly switch the current to a value,
I = 1.— Al, and measure the time 7 it takes the system to collapse into the S-state.
This process is repeated for decreasing Al until we exceed the critical current I
and the system does not collapse anymore. To extract the critical exponent (, we
plot 7 as function of I — I., selecting I. such that a log-log plot exhibits the best
linear behavior. The slope of this plot is the desired ( exponent.

(a) (b) to ty
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[ (nA) t(s)

Figure 4.4: Dynamic measurement - (a) Resistance as a function of current (R(I)) during
a sweep from the N-phase to the S-phase. (b) Resistance as a function of time (R(¢)) during the
time measurement.
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5 Results

5.1 A Single Superconducting Network Compared to Inter-

dependent Superconducting Networks
5.1.1 Transport

It was previously shown [22] that driving sufficient current through ISN results in an
abrupt N-S P'T, while driving the same current to only one of the networks results in
a continuous transition. Here, we show that driving a high enough current through
a single superconducting network (i.e., a TISS) results in an abrupt and hysteretic
transition similar to those observed in ISN. This is demonstrated in Fig. 5.1, which
compares the RT curves of an ISN system (Fig. 5.1a) and a TISS (Fig. 5.1b).

A
11 (b)
S
x
(d)
S
mlo
n'd
10 ' : ' 10 ' : '
0.01 0.1 1 10 0.01 0.1 1
T-T, (K) T-T (K)

Figure 5.1: ISN versus TISS Transport measurements - Experimental resistance versus
temperature measurements at different bias currents for ISN (L = 400) (a) and TISS (L = 400)
(b). Full symbols are for cooling cycles, and empty symbols are for heating cycles. (c),(d) shows
the extraction of the critical exponent 5 = 1/2 from the cooling curves of ISN and TISS for currents
I =180 pA and I = 250 puA respectively.
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In both cases, for low currents (i.e., a single interaction system), the N-S and S-N
transitions are continuous and occur without hysteresis. For high enough currents,
where the second, thermal dependency interaction is generated, the transitions be-
come abrupt and hysteretic. Notably, the TISS requires higher currents than ISN

in order for dependency to be generated.

Furthermore, the results show that both TISS and ISN exhibit behaviors typical of
mixed-order transitions, namely abrupt transitions accompanied by critical scaling.
In particular, the critical exponent that describes the scaling of the resistance as the
temperature approaches the critical point T, (see Eq. 4) is found to be = 1/2 for
both samples, as shown in Fig. 5.1(c,d).

5.1.2 Dynamics

As stated in Section 2.3.2, the origin of the abrupt transition was found [23] to be
microscopic in nature. This was demonstrated by measuring the dynamics of ISN
during the PT. Fig. 5.2 shows resistance versus time measurements for ISN and
TISS, following the same protocol as described in Section 4.2.2. It is seen that for
both ISN (Fig. 5.2a) and TISS (Fig. 5.2b), when the driven current I is far from the
critical value I.., the collapse of the system, from the N-state to the S-state, lasts a
few seconds. As the current increases (I — 1.), and the systems get closer to critical-
ity, the length of the collapse 7 increases, and a long-lived plateau of the resistance
with time is clearly observed. The length of the plateau could reach thousands of
seconds, as seen in Fig. 5.2c,d. We note that during the plateau, the resistance does

not decrease monotonically, but fluctuates, as seen in the corresponding insets.

Moreover, the critical exponent that governs the length of the plateau 7, as a function

of the distance of the current I from the critical value 1., as Eq. 6 describes, is found
to be ¢ = 1/2 for both ISN (Fig.5.2¢) and TISS (Fig.5.2f).
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Figure 5.2: Dynamics - Resistance versus time measurements for driven currents gradually
approaching the critical value for ISN (L = 400) (a) and TISS (L = 400) (b). (c),(d) resistance
versus time for I very close to I. demonstrating a plateau that lasts thousands of seconds. Insets
shows fluctuations of the resistance with time. (e),(f) corresponding extracted values of (.
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5.2 Size Dependence

In order to study if, and what effects a system size has on the properties of its PT,
we first measured two TISSs of sizes L = 25 and L = 400. Results for resistance

versus temperature measurements are presented in Fig. 5.3. It is seen that for both
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Figure 5.3: Dependency at different system sizes - Resistance versus temperature measure-
ments for TISSs at sizes L = 25 and L = 400 at low currents (Iass = Is00 = 1 pA) (a),(d) and
high currents (l25 = 200 pA, Iygo = 100 pA) (b),(e). (c),(f) shows the extraction of the critical
exponent § = 1/2 from the corresponding cooling curves of (b),(e).

small (Fig. 5.3a) and large (Fig. 5.3d) systems, while the driven current is low and
only negligible heat is generated, the transition is continuous. On the other hand,
when the driven current is high enough and sufficient heat is generated, both small
(Fig. 5.3b) and large (Fig. 5.3e) systems exhibit an abrupt transition accompanied
by the same scaling laws and critical exponent as described by Eq. 4, with § = 1/2
(Fig. 5.3c,f), indicating an identical mixed-order transition, at different values of

current.
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In addition to RT measurements, we
with sizes L = 25, L = 100, and L

network size is shown in Fig. 5.4.

conducted dynamic measurements for TISSs
200. The dependence of 7 on I — I. and the

ol ' m N=25X25
N=100X100
A N=200X200
20\
~
~ ~

D -~ _

-

® g

i 10 ~ l X i

Z °F ~

< s &

e Ll g x
of 5 =
¢=1/2
mp=1/3
30 04 0.05 0.06 0.07 0.08 0.09 I 0.2 0.3 0.4 0.5

0.1
-1, (1A)

Figure 5.4: System size scaling - Scaled plateau duration versus the distance of a system from
criticality, for TISSs of sizes L = 25, L = 100, and L = 200. Each of the three systems exhibits a
scaling relation corresponding to Eq. 6 with ¢ = 1/2. The plateaus length scales with the size of
the system, in agreement to Eq. 7, with ¢ =1/3.

It is seen that the plateau length 7 scales with the distance of the current from the

critical value I., according to Eq. 6, with ¢ = 1/2 for all systems. In addition, 7

scales with the system size, in accordance with Eq. 7, with ¢» = 1/3.
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5.3 Superconducting Networks on Different Substrates

We have shown that a TISS behaves the same as ISN, as it exhibits the same PTs,
dynamics, and critical scaling. In ISN, dependency is generated by the medium
between the networks. We hypothesize that in a TISS, the substrate of the network
(as well as the network itself) acts as this medium. In order to test the ability of
the substrate to serve this cause, we show that two superconducting networks, fabri-
cated side by side (see Fig. 4.3b,c and S2/S3 configurations), can become mutually
coupled as a result of the heat dissipation of their shared substrate. Results for re-
sistance versus current measurements, for networks of size L = 25 and L = 100, are

presented in Fig. 5.5. When the two networks are measured separately, they both

(a) (b)
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Figure 5.5: Dependency via substrate - Resistance versus current measurements for a network
of size L = 25 (a) and a network of size L = 100 (b) as they are measured separately. Blue is
for decreasing currents (i.e, N-S PT) and red is for increasing currents (i.e, S-N PT). The critical
values of current are clearly different between both networks. (c¢) Both networks are measured
simultaneously, causing a mutual PT of both systems, with critical current values that are different
from the separate case.

exhibit an abrupt and hysteretic transition at distinct critical current values that

differ from each other, as seen in Fig. 5.5a,b. On the contrary, when the networks
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are measured simultaneously, they experience a mutual PT, as seen in Fig 5.5¢, at
critical current values similar to those in 5.5a, indicating dependency between them,
analogous to the case of ISN where the networks are placed one on top of the other
and are separated by an insulating medium. In addition to these measurements, we
also conducted dynamic measurements on these two networks and discovered that
the type of PT they mutually undergo can be tuned and controlled. This is shown
and explained in the Appendix.

To further demonstrate the ability of the substrate to induce dependency, we com-
pared two sets of networks (a small network and a large one per each set), fabricated
on different substrates, silicon and glass, that have different thermal conductivity
values, Kaicon &~ 500 2= [27] and Kgass ~ 0.01 22 [28] at T = 2 K, as seen in Fig.
4.3c (S3 configuration). The results for resistance versus temperature measurements

are presented in Fig. 5.6.
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Figure 5.6: Dependency strength - Resistance versus temperature measurements for two
networks on glass (blue) and two networks on silicon (red). Full symbols represent a large network
(L = 200), and empty symbols represent a small network (L = 25). At low currents (I = 1 pA)
(a),(c), both pairs of networks behave the same, regardless of the substrate, and continuous PTs
are observed. At higher currents (I = 50 pA), the behavior of the networks depends on the
substrate: on glass (b), the small network undergoes an abrupt and hysteretic PT while the large
network shows a continuous PT. On silicon (d), both networks exhibit continuous PTs. For higher
currents (I = 120 pA), the silicon networks (e) undergo a mutual abrupt and hysteretic PT,
whereas the glass networks do not display a PT within the measured temperature range.
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Here, both pairs are measured simultaneously. It is seen that for low currents
(I =1 pA), all networks exhibit a continuous PT as seen in Fig. 5.6a,c regardless of
the substrate. However, when current values are higher (I = 50 pA), the behavior
becomes substrate-dependent. On glass (Fig. 5.6b), the smaller network shows an
abrupt and hysteretic PT, while the larger network displays a continuous PT. These
transitions occur separately from one another. In contrast, on silicon (Fig. 5.6d),
both networks exhibit a continuous PT. At higher currents (I = 120 pA), the net-
works on silicon (Fig. 5.6e) undergo a mutual abrupt and hysteretic PT. Under the
same conditions, the networks on glass do not show a PT within the measured tem-

perature range.

Next, we aim to show the effect the substrate has on the PT of a single network. To
investigate this, we performed transport measurements on two identical networks
fabricated on different substrates (S3 configuration). The first on silicon, and the

second on glass. The results are shown in Fig. 5.7a.
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Figure 5.7: Substrate dependence- (a) Experimental resistance versus temperature measure-
ments for a single network, at different bias currents, fabricated on silicon (red symbols) and
glass(blue symbols). Full symbols are for cooling cycles and empty symbols are for heating cycles.
(b),(c) The extraction of the critical exponent 8 from the cooling curves of glass and silicon at
I, =100 A and I, = 170uA respectively.

At low bias currents, where heat generation is insufficient, both networks undergo
a continuous, second-order PT from N to S and vice versa. As the bias current is
increased, the TISS on glass exhibits an abrupt, hysteretic PT, while the TISS on

silicon still undergoes a continuous transition. With further increases of bias cur-
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rent, the TISS on silicon also displays an abrupt, hysteretic PT.

We emphasize that for both networks, when the bias current is high enough, an
abrupt transition from the N-state to the S-state is observed. This transition is
accompanied by the same critical behavior and scaling relation described by Eq. 4,
with 8 = 1/2, as seen in Fig. 5.7b,c, indicative of a similar mixed-order PT for both
TISSs.

The importance of heat transfer can further be appreciated by studying the depen-
dence of the critical temperatures, T, for both cooling (N-S transition) and heating
(S-N transition) processes, on the bias current. The results for the two substrate

samples are shown in Fig. 5.8. It is seen that for the cooling process, the glass
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Figure 5.8: Critical temperatures- Critical temperatures of the transitions from N to S (a)
(Cooling) and S to N (b) (heating). The hysteresis width is calculated for each bias current
measurement (c).
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TISS T.s are consistently smaller than those of the silicone TISS for the same Is,
demonstrating the larger heat retention of the glass substrate (Fig. 5.8a). On the
contrary, during the heating process, for which the S-N PT occurs before heat dissi-
pation diffuses in the system, the T.s for both networks are not very different (Fig.
5.8b). We note that despite the quantitative difference in heat transfer, the two
samples exhibit similar qualitative behavior such as a similar hysteretic nature of
critical temperatures with similar temperature differences, AT = TN — TN5 as

seen in Fig. (Fig. 5.8¢c).
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6 Discussion and Conclusions

Our experimental study demonstrates that a TISS can reproduce similar mixed-
order PTs previously observed in ISN. This finding represents a conceptual shift
in the field of interdependent networks: complex interdependent behavior does not
require two structurally distinct networks but can emerge intrinsically within a single

homogeneous system, provided it contains two types of interactions.

Comparison of TISS and ISN

In Section 5.1.1, we showed that both ISN and TISS display abrupt, hysteretic PTs
at sufficiently high driving currents, accompanied by critical scaling with § = 1/2
(Eq. 4). At low currents, both systems undergo continuous PTs, while the emer-
gence of heat-induced dependency leads to a mixed-order transition. Notably, TISS
required higher driving currents than ISN to generate this dependency, consistent
with the fewer amount of heat-emitting segments it contains compared to ISN. These
findings support the conclusion that dual interaction mechanisms, connectivity and
dependency, are sufficient to generate mixed-order PTs, whether the system consists

of two distinct networks or a single network.

Dynamics and Critical Scaling

Resistance versus time measurements (Section 5.1.2) reveal long-lived plateaus as the
driving current in the system approaches criticality. The plateau duration, 7, scales
with I — 1. (Eq. 6), with the critical exponent ¢ = 1/2, and also scales with system
size N (Eq. 7) with ¢ = 1/3. These results are consistent for both ISN and TISS,
confirming that both systems share the same critical dynamics. The interpretation
of these plateaus as manifestations of microscopic branching cascades aligns with
theoretical models of interdependent networks, where local failures trigger long-
range cascading events. Our results thus provide experimental evidence that such
microscopic dynamics can govern PTs in TISS similar to the results previously
observed in ISN.
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Different System Sizes

Measurements on networks with sizes ranging from L = 25 to L = 400 (Section 5.2)
show that both small (L = 25) and large (L = 400) systems exhibit the same critical
exponents (8 = 1/2, ¢ = 1/2). While the absolute current values required to induce
abrupt PTs differ with size, the scaling behavior remains universal. This leads to the
conclusion that the mixed-order PT mechanism is insensitive to geometric variations

and reflects the intrinsic universality of the dual-interaction framework.

Substrate Dependence and Heat Transfer

We further demonstrated that the substrate thermal conductivity plays a central
role in controlling dependency interactions (Section 5.3). We divide the discussion
of this section into two parts. The first is the effect the substrate has on dependency
between two distinct networks. Fig. 5.5 shows that two networks fabricated side by
side on a common substrate can undergo a mutual abrupt PT due to substrate-
conducted heat flow, while when measured separately, they display distinct tran-
sitions. Fig. 5.6 demonstrates that the strength of this coupling depends on the
substrate: for a relatively low driving current, when the networks are placed on a
glass substrate (low k), they remain decoupled, while on silicon (high k) they can

couple strongly and undergo a mutual abrupt PT.

The second part of the discussion is the substrate effect on single network systems
which exhibit a substrate dependence that might seem the opposite at first glance.
Fig. 5.7 shows that on glass, a TISS undergoes abrupt and hysteretic transitions
at relatively low bias currents, while on silicon, the same behavior only appears at
higher currents. The explanation for this is that a substrate with low thermal con-
ductivity enhances the heat retention of the system, increasing the inter-segment
coupling via temperature rise, thus promoting abrupt transitions at lower driven
currents. Conversely, a high thermal conductivity substrate allows more efficient
heat dissipation (and loss) through the substrate, requiring higher currents to ob-

serve similar behavior.

We suggest a basic model to analyze this. Consider a square film of InO at thickness
d; with an area of A = L? and thermal conductivity k; placed on a substrate at
thickness ds with thermal conductivity k;. At this configuration, we can calculate

three different heat conductivities, as illustrated in Fig. 6.1:
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1. o = kéj‘ is the vertical heat conductivity, through the substrate, into the heat
bath.
2. 09 = kdesL = kyds is the in-plane heat conductivity through the substrate.

3. g5 = de L~ kgd; is the in-plane heat conductivity through the film.
in our samples,
L~10"%m, dy ~ 107" m, dy ~ 107" m

This yields that o1 >> 09, 03, thus indicating that the majority of the heat produced
by the film flows to the heat bath, outside of the sample. For a steady electrical

power P dissipated in the film, the steady—state temperature rise is

P P Pd; )
p_— ~ o T A (using ds < L and 01> 09, 03). (8)

AT =

Let C', denote the substrate volumetric heat capacity. The steady energy stored in

the substrate is therefore

P d?
Qun = Cu(Ady) AT =~ C,——=. 9)
Inserting
W J W J
silicon ~ ¥ silicon ~ 4. 2 ass ~ U. 1 — ass ~
Rgil 500 mK C 1 8 m3K[ 9] Rgl 0.0 nK Cgl 60 mSK[SO]

into Eq. 9 yield,

Qsilicon C’siliconliglass
= — leass = 625000 C\?silicon

leass C’glass Risilicon

For dy, < L, our model is effectively dominated by the vertical heat flow, so the
steady-state energy retained in the substrate scales inversely with the substrate
thermal conductivity ks;. Consequently, for the same P and d;, replacing a glass
substrate (k~0.01 Wm™'K™') with silicon (k2500 Wm™! K1) reduces the re-
tained energy by roughly 6 x 10°, strongly suppressing heat-mediated coupling and

any associated hysteresis.

We note that at sufficiently high currents, both substrates ultimately produce abrupt

transitions.
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Figure 6.1: Heat flow -A sketch illustrating how heat generated in a segment spreads throughout
the sample. o7 is the heat conductivity flowing to the heat bath, perpendicular to the substrate.
09,03 are the heat conductivity flowing in-plane, through the substrate and the sample, respectively.

Finally, Fig. 5.8 provides further evidence for this mechanism: the critical temper-
ature during cooling (TN?) is consistently lower for TISS on glass than on silicon,
reflecting greater in-plane heat retention, which in turn enhances dependency. In
contrast, during heating (7°"), where prior to the PT essentially no heat is produced
and thus dependency is scarce, the networks on different substrates show similar re-
sults. Both networks, however, exhibit similar hysteresis widths AT = TSN — TNS|
confirming that while the substrate affects the heat needed to generate dependency,

the overall mixed-order nature of the PT remains unchanged.

Together, these results confirm the thermal origin of the dependency interaction, in
superconducting networks, and identify substrate conductivity as a practical tuning
parameter. By modulating heat retention and dissipation, the substrate dictates the
current threshold at which continuous PTs transit to mixed-order PTs. In addition,

in systems with several networks, it governs the coupling strength between them.
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Universality and Broader Implications

Throughout all of our experimental configurations, ISN and TISS exhibited identical
critical exponents (5 = 1/2, ( = 1/2, ¢ = 1/3). These universal scaling behaviors
suggest that the microscopic mechanism is independent of system geometry or im-
plementation. Our work therefore supports the broader idea that mixed-order PTs
arise whenever short-range connectivity is coupled to long-range dependency, re-
gardless of physical realization. While our focus was on superconducting networks,
we propose that the principle may extend to other physical systems, whenever the
dual-interaction mechanism naturally emerges. For example: traffic systems (roads
vs. congestion), neural networks (synaptic vs. modulatory signals), and materials
(bonding vs. phonons). Clearly, work on other types of TISS is required to test this
hypothesis.

This study demonstrates that abrupt PTs and cascading dynamics, previously at-
tributed to the interdependency between distinct networks, can also occur in a single
network system, through interdependency between its elements. This reduces the
fabrication complexity of experimental realizations while broadening the applicabil-
ity of interdependent network theory. Moreover, dependency interactions can be
continuously tuned, by current (see Appendix) or substrate choice, offering a prac-
tical route to engineer PT characteristics. This tunability could enable the design
of devices such as sensors that exploit the sharpness and criticality of mixed-order

transitions.

In summary, our experiments establish TISS as a physical platform for studying
interdependent-like behavior, validate the universality of mixed-order PT scaling
across geometries and substrates, and point toward new opportunities for engineered

phase-switching systems.
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7 Future Research

While this work establishes single superconducting networks (TISS) as a platform
for mixed-order phase transitions, several open questions remain and motivate fu-

ture investigations.

First, the role of substrate-induced coupling deserves deeper exploration. We demon-
strated that thermal conductivity controls the onset of abrupt transitions (Fig. 5.5
and Fig. 5.8), but additional study across substrates with tunable thermal properties
could assess this dependency more precisely. For example, graphene, encapsulated
by an electrically insulating material, could be a suitable candidate. By gating the
graphene, one can control its charge carrier density, which at cryogenic tempera-
tures, can have an impact on its thermal conductivity [31-33]. Measuring a super-
conducting system’s behavior on such a substrate, during a continuous alternation

of its thermal conductivity, could offer new insights on these substrate dependencies.

Second, the dynamics of the resistance plateaus raise important open questions:
What is the physical mechanism that causes the resistance to fluctuate during the
long-lived plateau?; Are the cascading avalanches of phase changes restricted to
only certain areas in the system?; Can different forms of collapse be found during
the transition? While our data support a branching-cascade origin, direct micro-
scopic probes (e.g., spatially resolved thermal imaging, local resistance mapping,
and scanning SQUID microscopy) could test this mechanism more explicitly. Link-
ing microscopic changes to the macroscopic scaling laws would further bridge the

gap between experiment and interdependent network theory.

Third, the exploration of material platforms beyond superconductors is a promising
avenue. Extending to other materials could test the generality of the dual-interaction
mechanism beyond superconductivity and heat dissipation. For example, we sug-
gest a system that includes a granular ferromagnetic film where electric conductivity
may serve as connectivity links and magnetic interactions could act as dependency
links. This system, which is physically different from superconducting networks,

may exhibit different thresholds or scaling behaviors.
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Finally, our findings motivate the development of device-oriented studies. The abil-
ity to tune critical temperatures and hysteresis widths by substrate engineering
(Fig. 5.8) suggests applications in sensors, detectors, or adaptive circuits. Future
research could focus on quantifying switching speed, noise sensitivity, and stability

under repeated cycling to evaluate technological feasibility.

In summary, future research should expand the substrate effect, deepen microscopic
understanding of dynamics, explore alternative material platforms, and investigate
device-oriented implementations. Together, these directions can both refine our
understanding of mixed-order transitions and move toward practical exploitation of

their unique properties.
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8 Appendix

Here, we show dynamic measurements that were conducted on the networks in Sec-
tion 5.3. We discovered that the dependency interaction strength can be controlled
as a tuning parameter that governs the coupling between the two networks and af-
fects the PT they undergo. This is demonstrated in Fig. 8.1, which shows resistance
versus time measurements for the two networks as they are measured simultaneously.

When the current through the large network is low (Fig. 8.1a), the two networks
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Figure 8.1: Tuning the PT - Resistance versus time measurements for two networks on the
same substrates. Full symbols are for the large network (L = 100) and empty symbols are for
the small network (L = 25). Both networks are measured simultaneously during the procedure
described in section 4.2.2. (a) Low driven current of the large network. As the driven current
in the small network raises, it develops an abrupt transition while the large network transition
remains continuous, as both networks transitions gets separated from each other. (b) High driven
current of the large network. Here, both networks undergo a mutual, abrupt transition, regardless
of the current of the small network.

behave differently as the current of the small network raises. It is seen that while
the transition of the small network becomes abrupt, as the current of it raises, the
transition of the large network remains continuous. In this regime, the transitions
of the two networks are separated in time, which indicates a weak coupling between
them. In contrast, when the current through the large network is high (Fig. 8.1b),
both the large and small networks exhibit simultaneous abrupt transitions regard-
less of the current of the small network. This indicates a strong coupling regime
between the networks. These findings, which were first discovered in the frame of
this work, became the foundation for additional research that focused on the range
of the dependency between ISN, which was the main subject of other lab members’
research. They demonstrate that the inter-network interactions, controlled here by
the drive current through the large network, can tune the nature of the PT from

decoupled continuous and abrupt transitions to a mutually abrupt transition.
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